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Any n X n complex matrix which is constant along each diagonal is called 
a finite Toeplitz matrix. A natural way to generate a family of Toeplitz 
matrices is to consider any integrable function + defined on the circle with 
Fourier coefficients $Q and then to form the n X n matrix 
T,,[+]=(+j_k) j,k=O ,..., n-l. 
The most basic problem about Toeplitz matrices is “What conditions must be 
imposed on + to guarantee that I’,,[+] is invertible?” (or equivalently, to 
insure that its determinant does not vanish). Except for some special +, 
computing the inverse or determinant exactly for large values of n is very 
difficult. However, finding asymptotic expansions for the determinant and 
approximations for the inverse turns out to be a reasonable approach and 
leads to interesting questions. 
The classical Szego limit theorem, proved in 1915 [2] was the first such 
result. It states that for Q, a positive, bounded function 
Taking the logarithm of both sides of this equations shows that the Szegij 
limit theorem gives the first term in an asymptotic expansion for logdet T,,[ $1. 
A refinement of this theorem giving two terms in the expansion was found in 
1952, again by Szegii [3]. He proved that if $I is positive and has a derivative 
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satisfying a Lipschitz condition, then 
logdet1,[+]=&~2Vlog$(8)dB+ g ks,s_,+o(l), 
k=l 
where sk = (log G)~. This more complete asymptotic formula is generally 
known as the strong Szegij limit theorem. It is interesting to note that this 
formula was an important aspect of Lars Onsager’s derivation for the sponta- 
neous magnetization of a two-dimensional Ising lattice. The formula, for some 
special +, was proposed to Szegij by S. Kakutani, who heard of it from 
Onsager. 
Many mathematicians since SzegG have studied generalizations: the theo- 
rem has been generalized to complex-valued functions cp (non-Hermitian case) 
satisfying certain smoothness conditions, and there are analogous expansion 
for other operators, such as finite Weiner-Hopf operators. The theorem is also 
known to hold (with a different second term) for block Toeplitz matrices. 
These matrices have T x r block entries with equal entries on each diagonal. 
The proofs of the various Szega theorems were for the most part difficult, 
indirect, and worst of all gave no “natural” indication why the terms in the 
expansion, especially the second, occurred. Fortunately, this state of affairs 
was considerably altered in 1976 by H. Widom [4], whose elegant application 
of ideas from operator theory extended Szegb’s theorem to the block case and 
gave easy proofs of the results. 
The operator theory point of view is the dominant theme in Znvertibility 
and Asymptotics of Toeplitz Matrices. To see how the operator theory 
approach might be useful, notice that the matrix T,,[ $1 can be written as 
P,,T,P,, where T+, is a semi-infinite Toeplitz operator defined on 1’ = 
{(a,, a,,...)!EE”-olaj(2 < a}, with the matrix representation T+ = (Gj_ k), 
j, k >, 0. The finite dimensional projection P, : l2 -+ I” is of course given by 
Much is known about the semi-infinite Toeplitz operators and this knowl- 
edge is exploited in the operator theory approach. For example, for 9 smooth 
and nonzero we have 
where A is an operator whose nonzero eigenvalues { hi } are discrete and 
absolutely summable. The determinant of the operator T+T,-I can then be 
defined as II(l + Ai). Now consider 
T,[$] = P,T+P, = P,T,--?T++T,P,. 
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It can be shown that the first term in the strong Szego theorem corre- 
sponds to logdet( P,T,‘,?P,), and the second to logdet T,T,-I. Thus the proof 
(roughly) boils down to a justification for adding an extra P,, in the expression 
above. This sketch illustrates the ideas from Widom’s proof and also the 
methods used in Bottcher and Silbermann’s book. 
Nearly half of this book is devoted to proving general results about Banach 
algebras and semi-infinite Toeplitz and Hankel matrices. The authors consider 
not only the classical Toeplitz operators defined on Z2 but more generally on 
P. Criteria for the operator T+ to be invertible and results about its spectrum 
are discussed thoroughly for a piecewise continuous +. The authors also study, 
in detail, Toeplitz operators T+ with the property that T,,[+] - ’ exists for 
sufficiently large rr and such that the sequence x n = T, [ +] - ’ y converges 
pointwise to T; ’ y. The pointwise convergence property is an important 
ingredient in the authors’ approach to Szego theorems, and its use occurs 
throughout the book. 
The last two chapters of the book study det T,[ $1 in cases where Szego’s 
formula breaks down The Ising model again provided the source of motiva- 
tion for these formulas. In 1968, M. E. Fischer and R. E. Hartwig [l] 
published a conjecture about the asymptotics of det T,,[ $11 for nonsmooth 
functions. An easy example to consider is 
(p(8) = (2 - 2cos e)*( - eie)? 
where Re(cy) > - i and arg( - eie) < ?r. Their conjecture reads 
where E[+] is a constant depending on a and fi. Moreover, Fischer and 
Hartwig provided the conjecture in the case where (Y = 0 and determined the 
constant by using Cauchy determinants. The example was important because 
it provided the first hint of the behavior of the asymptotics for piecewise 
continuous, vanishing, or singular functions. The conjecture is known to be 
true now in many cases, and the corresponding proofs (using as much 
operator theory as possible) are contained in the book. 
The book is a clear, unified account of much of what is known about 
Toeplitz matrices and determinants generated by the Fourier coefficients of 
some function. Because of the common occurrence of Toeplitz matrices in 
probability theory, numerical analysis, and physics, the book should be of 
interest to both pure and applied mathematicians. The book is accessible to a 
beginner having an elementary knowledge of functional analysis, and for 
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those of us who have come to know Toeplitz matrices very well, it is nice to 
have the results collected in one place. 
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